
Easy Vs Hard Problems

-

Consider the following three distinct class of

Hamiltonians written in the first - quantized

notations :

cil H = § HIM+rcnii ]

( ii ) H = § (Tijpipjtki
;
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vcni - n ;) ] where

VCNI - Nj ) Is neither linear ,

nor quadratic

in Ni - Nj , e.g. ,

V ( ni
- n ;) = @injtt

Problems of type ( i ) are easy
because one has

to just some a Schrodinger's eqn . for a single

particle in potential MN )
. They can also be

formulated as H= Eata aaea using
a

second quantization .
Problems of type Ciii axe

hand because the interaction term becomes

non . quadratic in a ,a+ .
Problems of typed

are easy as it  is still grad ratio in a
,

at
.



To illustrate type Cii ) Problems ,

let
as study

a simple example :

Consider a system of coupled Harmonic oscillators :
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we model it via the following Hamiltonian :
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with

dn+e=IsThe Heisenberg 's equations of motion are :
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Thus
,

the system decomposes into N

•
normal modes

' ( I decoupled harmonic

oscillators ) with frequencies :

wk =

Zwosin
( kg ) k=2fI ,

n=0 , 1,2 ,  - -
N - I

.

Note that kz0 mode just corresponds to

translating the whole system rigidly C i.e.

without
any

internal motion ) .

These modes are Goldstone modest!
¥sound modes /

At low frequency . vibration modes
.

wk ~ wo ka ⇒ wk → 0 as

k→ 0
.

Having decomposed the modes into sum of

decoupled harmonic oscillators .

we can now

Use our standard technology of a
,

at

operators .
Thus ,

µ = Zwkatkak
k

where [ Ak ,
atk ' ] = 8 kk '

.
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Since each harmonic oscillator mode can

have an arbitrary number of  excitations ,

the system is equivalent to a bosom 'c

system with single - particle dispersion :

/Ek=wk=]
You may

also show directly
that H=§wkatkq

by writing ni , Pi in terms of agata.
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Contrast of Physical Properties of

Bosons and Fermions
.

Two Identical fermions can't he in the

same state while there Is no such

restriction for bosons
.

The truth Is

even more strikingly different : Bosons

pnefef to be in the same state

while fermions tend to repel eachother
.

let's see how .

Giroof Free fermions

and Free Bosons;

Free fermions :

Consider the Hamiltonian :

H =

§EpAtpAp
with

Ep= It•

ZM



D
Ep

I .
If particles one in a box of

dimensions Ld then p→ takes values

42*11. 2[n= .  . .  . stg ) in dtagwegis

where he are integers in the rank

1 to L . As L→a
,

the p→ acts

like A continuos variable ' since Ap =

difference between rontiguos momenta

in energy space =

ME → 0 as L→a
.

We will then take p→ too ke a

continues variable ( see pset -2
, problem

I where F takes discrete values ) .



Ground stile wit taking spin into

account :

•
Ep

t.to#a
IS there are N fermions ( we ignore

spin for the moment )
, they all

occupy
distinct momenta such that the energy

is minimized
.

Thus . these momenta

are contiguous in the energy space . .

to.=ta#o>~tfkps -

ground state No particlesgo.waawm.gg#



The crucial thing to hole is that

Pf is a fn of particle density

And not just particle member .

The is obvious On dimension grounds:

Pf ~ to ~
to

inter . particle
-

distance [ Yu ]
' ld

Let's do a more
~tp11d

precise calculation :

Number of particles N

= 5%1 N^ lyo >

= < golf at # a # lyo >

Now Guolatpapowo >

to
is
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= 1 if
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⇒ N= E 1
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.
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as expected

When d =3
z

N = I Ps 4- A

8T 3 3

⇒
p£ = [ Gasp ] 113

where p= Nyv



Withspin :

hlt 's study ground state of e- s

which have spin . Liz .

Now , the creation lauuihilahon operators

carry two quantum numbers
, #

and T±±

ski
. e

.

At # r )

For free electrons
,

the energy
eisenralues are independent of spin :

H = ZIatep.ru#3r)
→p an

Thus
,

the shroud state is :¥.tt#.E/
- Tfkpg

ground state
T No particles

-



N = EtylatCFF r ) aCp→ ,
t ) lyo >

F. r

= E±% § < Qolatcptsotacp 'd

1100 >

= 2 × Z 1
IFDKPF

= V p3f in d =3 .
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Groundstdkenergyieo
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Pf

= 2 I f I

4Tp2dp
(G) 3

o ZM
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UsingPz¥z= N from above ,
one obtains

,

2 2¥0=

§µ÷mPf
] =

3g Ef where ef  =
' Psyzm

66
is called Fermi

39

Energy .

66 3g

Ferwirpvessunerleall: DE = Tds - Pdr + team

⇒ at to
,

P = -

⇒Qoltiwd
=

- dafo|"

Using the expulsion above
,

N
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Thus ,
a fermi gas has a non . zero pressure

even at the zero temperature
.

This is

completely
different than a classical Ideal

gas where Pz P T = 0 at T  = 0
.



Correlations in the ground state :

-

A useful quantity is :

Gcrr

;)=(
yol at a ,r ) ace ,

rally
>

ori. e .
the amplitude for removing

a particle from location I withspinr '

returning to location F. and spin T
.

Since ground state has a definite value

of total r
,

Gcr . r '

.
r ,rB is cleanly

zero when T # 51
.

Thus ,
we don't

need two distinct spin indices :

G- C r . r ' ) = < yol at Cx→
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>
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Theintagral f msincak ) da

=

iwsgax_n-fcoscaIdx-eoscazI-sinqs@pg-a2nar-foscnpmP-tsingItf1o.a

;=[ rosette + surged ]
define Pfr = y

3

=2←y÷ fascists ]
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Now recall p§ = 352 P

⇒ Gfn→*÷'= 3z p [ sincy=y]
y3

Thus 6 shows oscillations at

scale PIL and decays In a

toffees hiow
.



The power . law originates from the

fact that ( Npr ) B singular in
p -

the ground state .

The Fourier

transform of Gcr . r ' ) is also

singular .at
,

GCq→ ) =1f→Gcr→) e-

iF%r→d3
,

Trr- ;p→ .

r→+iq→.r→ntdfdpeJTIPKPF

n
S 8Cp→-q→ ) d3p

lpkpf

= {
0 if lq→l > pf

L if 1971 < Pf

II.
⇒


